This work provides the solution of the direct Electroencephalography (EEG) problem for the complete ellipsoidal shell-model of the human head. The model involves four confocal ellipsoids that represent the successive interfaces between the brain tissue, the cerebrospinal fluid, the skull, and the skin characterized by different conductivities. The electric excitation of the brain is due to an equivalent electric dipole, which is located within the inner ellipsoid. The proposed model is considered to be physically complete, since the effect of the substance surrounding the brain is taken into account. The direct EEG problem consists in finding the electric potential inside each conductive space, as well as at the nonconductive exterior space. The solution of this multitransmission problem is given analytically in terms of elliptic integrals and ellipsoidal harmonics, in such way that makes clear the effect that each shell has on the next one and outside of the head. It is remarkable that the dependence on the observation point is not affected by the presence of the conductive shells. Reduction to simpler ellipsoidal models and to the corresponding spherical models is included.
Introduction
The method of Electroencephalography (EEG) is the most widely used, noninvasive method for studying the human brain in vivo. The data of an Electroencephalogram are obtained by measuring the electric potentials in the exterior of the head. The inverse EEG problem consists in determining the location of the electrochemical source inside the brain that produces the externally measured electric potential field. The results obtained from the solution of the forward EEG problem, namely the electric potential field that a given source produces, are of major importance for the inverse problem. The At the point r 0 ∈ V c there exists a primary current dipole source with moment Q. This is specified by the current density function J P (r) = Qδ r − r 0 , (2.7) where δ stands for the Dirac measure at the point r 0 . The primary current J P induces an electric field E in the interior conductive space, which in turn generates an induction current with density J V : J V (r) = σ c E c (r)X Vc (r) + σ f E f (r)X V f (r) + σ b E b (r)X Vb (r) + σ s E s (r)X Vs (r), (2.8) where X A (r) denotes the characteristic function of the set A.
Hence, the total current at every point r of the conductor is given by J(r) = J P (r) + J V (r). (2.9)
The current J generates an electromagnetic field, which propagates in the interior as well as in the exterior of the conductive space.
Because of the values of the dielectric constant and the electric conductivity of the brain tissue, the quasistatic approximation of Maxwell's equations is considered [4, 9, 13, 15] . Therefore the electric field E and the magnetic induction field B satisfy the following equations [9] :
∇ × E = 0, (2.10)
11)
∇ · E = 0, (2.12) 13) where μ 0 denotes the magnetic permeability in the whole space. Since E is irrotational, it can be represented by an electric potential u, via the differential representation
E(r) = −∇u(r).
(2.14)
The electric potential u is the field recorded in any electroencephalogram. In particular, we denote the electric potential in the interior space V c by u c , in the ellipsoidal shell V f by u f , in the ellipsoidal shell V b by u b , in the ellipsoidal shell V s by u s and in the exterior space V by u. Combining (2.9), (2.14), and (2.11), we obtain the Poisson equation 15) which the interior potential u c must satisfy in V c .
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(2.19)
On the surface S c the following transmission conditions hold 
and similarly on S b ,
Since V is characterized by zero conductivity, on the surface S s the continuity conditions read
(2.27)
In addition the asymptotic behavior at infinity
has to be imposed in order to insure uniqueness.
The interior and exterior electric potential
The basic notation for the spectral decomposition of the Laplace operator in ellipsoidal coordinates can be found in [1, 5, 7, 8] , where all interior E m n (ρ,μ,ν) and exterior F m n (ρ,μ, ν) ellipsoidal harmonics that are used in this work, as well as useful relations connecting them, can be found. We recall the definition
The complete ellipsoidal shell-model in EEG imaging which connects the ellipsoidal exterior harmonics F m n (r) to the interior ellipsoidal harmonics E m n (r) via the elliptic integrals
where E m n (x) are the Lamé functions of the first kind. The solution of (2.19), is an exterior harmonic function which assumes the exterior ellipsoidal expansion 
Finally, in the interior space V c , which includes the primary source J p , the interior electric potential u b solves (2.15), and it is given as a superposition of an interior harmonic function Φ(r) and the particular solution of Poisson's equation
Using the ellipsoidal expansion for the interior harmonic function Φ(r),
we can write the interior electric potential as
The ellipsoidal expansion of the fundamental solution of the Laplace operator for ρ > ρ 0 is given in [11] by
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In (3.9) we have further expressed the exterior ellipsoidal harmonics in terms of the corresponding interior ones, by means of the elliptic integral I m n . Expansion (3.9) holds for ρ > ρ 0 , therefore it holds true on all boundaries S c , S f , S b , S s . In (3.3), (3.4) and (3.9) we have expressed all the potentials in terms of ellipsoidal harmonics and therefore the application of the transmission conditions (2.20)-(2.27) is straightforward. Furthermore, the homogeneity of (2.21), (2.23), (2.25), and (2.27) in the operator ∂ n allows for the replacement of the normal derivative ∂ n with the ρ-derivative ∂ ρ , since the corresponding metric coefficient cancels out.
Introducing (3.3), (3.4), and (3.9) in the boundary conditions (2.20)-(2.27) and using the orthogonality property of the surface ellipsoidal harmonics, the constants f m n , g m n , h m n , k m n , m m n , p m n , q m n , t m n are determined as the solutions of a 8 × 8 linear algebraic system. Long but straightforward calculations, which are not shown here, lead to the expressions: 
14) 15) where the prime denotes differentiation with respect to the variable and using the corresponding values of the coefficients in (3.3), (3.4), and (3.9) we obtain the following expressions for the potential fields u, u s , u b , u f , and u c which hold true in the indicated regions. In particular for the exterior space we obtain 
for the scull region
for the fluid region
and finally for the region occupied by the cerebrum we obtain S. N. Giapalaki and F. Kariotou 9 In trying to interpret (3.16) to (3.20) we observe the following. Expression (3.16) provides the electric potential at any point outside the conductor. Then the potential within the outmost shell is expressed as the exterior potential u evaluated on the surface S s of the skin, plus an expansion evaluated at the observation point r, which represents the contribution that comes from the shell V s . In a similar fashion, the potentials (3.17)-(3.19) within the following succesive shells, as well as the potential (3.20) inside the cerebrum region, are expressed as the potential of the exterior shell evaluated at their common boundary plus a contribution from the particular shell, always in the form of the appropriate eigenfunction expansion. Furthermore, the form of each one of these expansions remains the same. They only differ by the constant ratios involving the conductivity profiles and by the fact that the corresponding elliptic integrals are evaluated on different surfaces. The above ratios specify the effect of the surrounding shells normalized by the effect of all shells considered in the model. Each ratio is multiplied by a conductivity factor which is what the equivalent homogeneous conductor would impose to the exterior electric potential.
It is worth noticing though that the part of the solution which is depended on the location of the observation point remains unaltered by the presence of the shells.
In the sequel we are going to work further on the expression (3.16), since the exterior potential is what it is registered on an electroencephalogram. Therefore, elaborating further on (3.16) by using the interior Lamé functions and the interior ellipsoidal harmonics in terms of the more tractable Cartesian coordinates and by calculating the action of the gradient on E m n and on E m n , we obtain the following analytic form of u expressed in Cartesian coordinates and elliptic integrals 
Furthermore, in terms of the dyadic fields (3.28) and the tetradic field where the double contraction is defined by
The use of the polyadic notation in expressing the exterior electric potential offers the advantage of a unified and compact form in which the source enters in a distinctive and clear way. In fact, the polyadic fields A(ρ), B(r), Γ(ρ) include all the geometric and physical characteristics of the conductor while the moment and position of the source is obtained from them via simple and double contraction.
Physical degeneracies
Our purpose here is to recover from results (3.16), (3.17), (3.18) , (3.19) , and (3.20) for the electric potential fields in the four compartment ellipsoidal model, the corresponding results for the one shell model [7] . In the notation of the present work the corresponding results read as 
while the conductivity of the core remains σ c . The second choice corresponds to
and the third one is obtained by
while we preserve the conductivity of the outer boundary to be σ s . Whichever of these three settings we choose, the results for the one shell-ellipsoidal model are recovered. Indicatively we select the first alternative, which geometrically corresponds to
and it is denoted by 3sh → 1sh. As a consequence, from (3.21) we obtain .3), it is obvious that the effect of the presence of the shell-inhomogeneity on the electric potential fields is incorporated into the conductivity factor multiplying each multipole term, leaving the rest of the structure invariant. This observation is enhanced in the sequel where we reduce further our model to the absence of any inhomogeneous shell covering the conductivity core. Actually, we notice that the exterior electric potential, in both the three-shells model and the one-shell model, enjoys the same structure. Moreover, all the effects of the three shells are incorporated in the conductivity factor multiplying each multipole term.
Afterwards, we recover from the corresponding results (3.16), (3.17), (3.18), (3.19), and (3.20) for the electric potential fields in the three-shells model, the results for the single model which is the case of a homogeneous ellipsoidal conductor characterized by conductivity σ. As it is shown in [8] , using the notation of the present work, the exterior potential assumes the form for ρ 0 < ρ < s 1 . In order to reduce the three-shells model to the homogeneous ellipsoidal conductor we need to unify the spaces V s , V b , V f , and V c . This is obtained by considering the limits
which geometrically means that 16) and it is denoted by 3sh → hom. As a consequence, of (3.21), (3.22) , and (3.23) we obtain We turn now to the calculation of the electric potential fields in the case of the two-shells ellipsoidal model. This will be achieved by the reduction of the corresponding results for the 3-shells model, using appropriate settings for the conductivity profiles. As it is shown below, in the exterior potential form, the conductivity factor for this case is G m 2,n , which has already been given in (3. Finally we draw our conclusions for the form of the potentials in the above four cases. The exterior potential for the case of the three confocal ellipsoidal shells, surrounding the homogeneous ellipsoidal brain, is given in (3.16).The exterior potential for the reduced cases of two shells, one shell as well as for the ellipsoidal homogeneous model is given by (4.24), (4.1), and (4.13), respectively. Observing these forms, it is important to note the role of the gradually reduced conductivity factors in each result. Similar, but more complicated results stand for the interior electric potentials, where all conductivity factors are involved and impose a certain effect on each potential.
Geometrical degeneracies
We consider here the reduction of the anisotropic ellipsoidal geometry to the isotropic spherical one [10] . We denote this by the symbol el → sr.
The case of four concentric spheres corresponds to el → sr, which implies the reduction. 
